We give a simple construction of a prime monomial algebra with quadratic growth, which is neither primitive nor PI.
where V is a generating subspace (containing the identity). For a non-affine algebra, GK dim(R) is defined as the supremum of GK dim(R 0 ) over affine subalgebras R 0 . The key idea in affinization is to cover a countably generated prime algebra T by the 'corner' e 11 Ae 11 of a certain affine matrix algebra A, and then to use Zorn's lemma to obtain a quotient algebra of A whose corner is equal to T . Bell shows how to compute the Gelfand-Kirillov dimension of the affinization of T in terms of the dimension of T itself. However, the non-constructiveness of Zorn's lemma and the fact that T is not affine to begin with, make it difficult to control the precise growth function of the resulting algebra. Indeed, in [3, Question 3.2] Bell repeats Small's question for algebras of quadratic growth. Recently, Bartholdi [1] showed that an affine 'recurrent transitive' algebra (without unit) constructed from Grigorchuk's group of intermediate growth, is prime and of quadratic growth; moreover, assuming the base field is an algebraic extension of F 2 , the algebra is Jacobson radical and not nil.
In [7] Zelmanov constructed an affine prime monomial algebra with a non-zero locally nilpotent ideal. In this note we adjust his example to obtain a prime, monomial algebra R with quadratic growth (over arbitrary base field), which is not semiprimitive. Thus R is not primitive, and also does not satisfy a polynomial identity (for otherwise Jac(R) would be nilpotent by the Razmyslov-Kemer-Braun theorem, which is impossible since R is prime).
Let {t n } be a weakly increasing unbounded sequence of integers. Define words in the free monoid x, y by
The limit v ∞ is a well defined infinite sequence of the letters x, y, since every v n is a header in v n+1 . Let k be an arbitrary field, and set R to be the free associative algebra k x, y modulo the ideal generated by monomials which are not subwords of v ∞ . In comparison, in Zelmanov's example the number of xs in a non-zero monomial is bounded by a function of the length.
R is a prime algebra since if u, u v ∞ are non-zero monomials then u, u v n for some n, and then uwu v n+1 for an appropriate monomial w.
Proposition 1. The ideal x of R is locally nilpotent.
Proof. Let a 1 , . . . , a s ∈ x , and let m be the length of the longest monomial of the a i . Choose n such that m < t n . Let u be a non-zero monomial in a product of the a i . As a product of monomials of the a i , w must have an x every at most m letters. Every subword of v ∞ is in the monoid generated by v n and powers y t for t t n > m, so w must be a subword of y m v n y m . This shows that any product of more than |y m v n y m | of the a i is zero. Now let c be such that |v n |/t n < c, and choose n such that t n < m t n+1 . Then the segments of length m in v ∞ are all segments in words of the form y · · · yv n+1 y · · · y, so there are no more than m + |v n+1 | = m + 2|v n | + t n < m + (2c + 1)t n < (2c + 2)m such segments. 2
To obtain an explicit example, reminiscent of the Cantor set, choose t n = 3 n−1 . Then |v n | = 3 n and |v n |/t n is a constant.
